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ABSTRACT 

As an extension to the study reported in s previous publication en- 

titled A Point Source Birormal Lena, s smaller lene of the sane gene.-at 

design, bat with focal points spaced farther apart, has been constructed 

aad given similar tests. Field patteras of this X-b«n«l model have been 

made, in addition to the plotting of experimental and theoretical phase- 

error contours. The geometry of the lens is completely defined by gener- 

al equations for this type of design. 

The overall performance of the lens closely paralleled that of its 

predecessor, bat with improved gain for off-axis positioas sod decreased 

ec=se-lobe level with vertical polarisation. 
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A POINT SOURCE BINORMAL LENS 

WITH WIDE-ANGLE FOCAL POINTS * 

1. INTRCn.'nC-»*ION 

A "binomial"' or "constrained" type of leas {or ase with a point sowce be* been reported in a previous 

publication.1   To continue this study, a second paint source binormnl leas, called the "circlet leas" to 

dicUogniah it frojs the first, has been constructed, also of square tubing, sad gives similar tests.  The 

circlet lese is tbe Babject of ibis report. 

Tbe inner face of tbe original leas was s portios of s prolate ellipsoid ©';' revolution with focal points at 

tbe foci of tbf* ellipse.  Tbe onter face was stepped by integral u ambers cf wavelengths.  Unlike its 

predecessor, tbe circle: lens has not been stepped.   Both inner and outer facea are continuous portions of 

ellipsoids. 

An application ander consideration was ih*> scanning of s wide vortical sector between extreme angles 

of 32° sacb side of tbe axis.   Tbir would be eccompii»^-«l by feeding tbe lens wstn an assombiy of tost 

horns spaced 16° <*pari and oscillating  i g°, ss shown in Pig. I. 

In the original leas, tbt correction points were cbossa on lines forming angles of  ± 7*1/2* with the *x«s 

of tbe lens.  It had been expected that by choosing correetios points further oat from the axis, better off* 

axis behavior would be achieved.  When co-w>eria«« of patrons was made, however, no signifir-sat '-errsase 

in the "Me lobes was manifest except tor the cost?ibswos frors the tf-pUse coaa lobss fnr feed posUiees 

beyond 10° off-axis. 

As mentioned in the previous report, the index of refraction of the lens medium ia determined by the 

spacing be!~v«eij the =«tal wnlls pa**l!«l to the electric vector.  This index is gives by 

-   = » l - I * / 2 «r t (1) 

where a is the piste spacing and K is the free-spec* wavelength of the electromagnetic wave propagated 

through the lens. Plans for the circlet less specified constrnction from square tnbisg of 0.700 ia. inside 

disseter snd field tests st s wsvslength of 2.963 cm. Thus ths >sdex of refraction was fixed a: 0.55. 

Mtsssortst received for pabUcatioa August 1962] revised smnssorlst received ly Jasssry 1953. 

'*. Ellis, E. Fine, and C. Reynold. (UK-4 1951), "A Pom* Zcv~ Biaormal Lena," Kept. No. £5067. AF Csabridge 
Research Center, Cambridge, Mass. 
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Fig. 1.   QtciliMing liaro feed 
* »as«nl>lv. 

2, DESIGN EQUATIONS 

The equeiiaiib for the desigi of a lens to focus a plane <,»»« upon a pair of synuueuic^iiy pssfeisa*«i 

ijoiiilo Lave been derivcJ iii 'W previous report.  Tae equation for toe iaaer face, an ellipsoid of revolution, 

is given by 

:   +  / cos a 

/ cos  a HM^J- =) (2) 

TuC y, z coordinates of any square tvhe are defined aa those of it* axis. Its termination in the inner 

face is determined by x, and ir the outer face by *'. Its length is a*. Any point on the outer face, there* 

fore, is derifrcated by   (*', y,  z) where 

+   d   and    d   =  d. 
m     r *\m    A 

cos   a  - n 
(3) 

The chosen values and definitions of the parameters are: 

c'     :    2 in -the thickness of the lens at the canter (0,0,0); 

;      ~ 20 in.—the distance from the feed socrce to the canter; 

a     = 22°   —the angle measured in the xy-plaae between the x-ozia and the line joining 

a focal point to the oririn (also the angle of the emanating pier e w».ve wheu 

the lent ia fed from the correction points). 
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At one time prior to construction of the leas, it eeemea that the required square tubing would not be 

available end a cardboard mode! waa 'abricaivd is ziitr to ototiy egg-crate construction.   Although it was 

ultimately decided that a tubular leas would be superior to one of egg-crate design, tbe analysis of the 

shape of tbe cardboard atctiona2 revealed that the outer eorface of tbe leas waa alao an ellipaoid, but not 

oaa of revolution. Thus, tbe intersection of the outer surface with any plane normal to a coordinate axie 

wtwld be an arc of an ellipse. 

la the upper portion of Fig. 2 is an example of a planar cut parallel to the xy-plaoe.  The minor axea of 

the ellipses for the inner face are parallel to the x-axie;  for the outer face, it is the major axea that are 

parallel to tbe x-exie. 

The lower portion of Mg. 2 »-:*"» a typical planar cut parallel to the xz-piene.   For the inner face this 

ia a circle, and for the outer face an ellips* with icajor axis parallel to the x-axia as before. 

!a normalised form the equations for the inner race are: 

(x + f coa   a)1 y* 
 1     +     7—    =  1 (4) 
f1 coa* k-M* f* - z*/com2 a 

with x s» % parameter and 

(x • / coa  a)1     •    *>=(/*- y2) coa* a (5) 

with   ' f% a parameter.  Inasmuch as circular tcmplatsa ts forming the lent are more easily fabricated than 

elliptical ones, the latter aquation was the one used in dimensioning tbe templates. 

Fjr the cuter fsce the normalised form ia 

[x '  - o*0   +   nf coa a / (» - coa o) ] * y» 

a*  f/2 coa2 a- **)/(» - coa  a)2 /*  - *2/cos2  a 

with z as a parameter and 

[*'   - i0   +  (a/ coa *)/(n - coo a)]2 ,» 

(6) 

+ 
»f (/* ~ y2) coa1 <x/(» - coo a)* (/* - y») coa2 a 

= 1 (7) 

with y ae c pra-aetc*. 

Note that the center of the ellipaoid for the inner face ia at the point (*•/ coa a , 0,0)  and for the 

outer face at     i a'0 * »/ cos <x/ (» - coa a), 0, 0] . 

*The teak of scribing ellipses ea the cardSosra sections lei to the caxsfuction of s trsasael ellipsograph.   Tbe ellipses 
lii F'i*- 2 —•"• drsw» to snab mwrn th« iMinimnt deeijpsd or T. T. Parska. aow with the Instrumentation Lab. at 
Mis*, met. Tech. 
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Pig. 2.   Ellipsoidal cross sections. 
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3. EXPERIMENTAL MODEL 

The photographs in Fig. 3 show that the periphery of the lew is roughly circular, with a radios of 

12* -1/2 rah* width* to give aa f/d ratio of oae. 

To onv-in the length* of the tab** aed their relative position*, Eq. (2) wae solved for x aad then evalo- 

*rc-, together with d, oa pouched card machiaery. Because of the symmetries' oVsign, it was necessary to 

tiger* only oa* quadrant. 

The leu* was contracted rrooe 561 lengths of square tuning of 0.700 in. X O.Wtt u. i.d. and 0.010 in. 

1 0.002 in. wall thicks***. Each length of this thin-walled tubing was cut upon a lathe after the insertion 

of a mandril, which was cot simultaneously.  Sine* for economy of mandrils, it was desirable to start cutting 

with the longest sad continue in descending order of length, the tube lengths were arranged in this order by 

the punched card machinery. 

A* before, each row was formed by butting the individual tabes against a templets and soldering each 

tabs to the on* sdjaceaU Then the rows were stacked against the templates (assembled in an array) sad 

soldered. A square Textolite frame and spacers were employed to hold the entire assembly together.' 

4. FIELD PATTERNS 

All test psttsran* were mads at the design wavelength of 2.063 cm at the Ipswich test station.  The 

feed nssd for this leas, lilts the one ased for it* predecessor, was a rectangular horn flared to produce an 

illamlaatioa approximately 10 db down from peak power at the edge* of the lens in both the electric aad 

the magnetic plane*. 

Exasrfestio* of the initial patters* w   *l*d that reflections from the V-*haped feed holder had con- 

tributvj to the lev&l of the aids lobe*. This necessitated the retaking of a few patterns after a different 

typ* if feed holder had been constructed. 

A set of pattsrns waa taken for comparison of the circlet lens with the preceding point source binormal 

IM* to (ears whether a significant chsnge in the off-axis focusing characteristics had bees effected by the 

22° correction point*.  These comparison* are shown in the plot* of Fig. 4, where the peak power of each 

lens on axis ha* been normalized to «*ro. 

The lea* was mounted with its *y-plans horisontal.  Aaimuth patterns were taken with the horn at 

various position* along the feed locus show* la Fig. 1.  With the polarisation vortical, the best focus was 

*T%* tscaalsss of assembly sad assiduous co_* - jctios of the cfcelet mas are the work of N. O. Basses sss 
•. J. Ksarns ofthsAatsasa Lab., Electronic* Is—sec* Directorate, A> Csithridf* Research Csatsr. 

*For mast el tss dam obtained, acknowledgmeat is msds to C. B. Forbes who, wish the asaistsacs of B. J. Beaks), 
took more than 300 pattens. 
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Fif. «.  Ccapta ior u^f^'^u of taa circlet leaa with it* 

W with the •watt of the km adjaated to 184/2 i».  from the center of the leue, 

For the horitoatal polariiatioo, tie boat focae was foaad at 19-3/4 in. 

t«» wed aloes ita as is. 
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The expected increase is helf-power be*ss«rie$thi» dec Us the decreased aperture was evidsat. There was 

MSikrovetiKat in the relative power is thai the gain did set fell off but even increased at first as the feed was 

moved off-axis.  The gain wea greater aear the correctioa points than it was oa^azis.  Ffw negative angles 

of off-axis feed positiops* i$m right side lohe is the cone lobe aatt for positive angles it is the left lobe. 

Is the .ff-plane patteras the coma lobes; of the circlet Las in patterns beyond |0* are lower than these of 

the point sosree biaorraal less, even though &*f •** somewhat liigher on-wti*.  In the E-plane patterns, 

this cosxt lobe suppression is not manifest. 

For a sgcoad set of patterns the leas was rotated 90° sa its own axis so that the xy-piane became 

vertical, Azimnth patterns were taken as before.  The feed was focuead on-axis at 14-1/2 in. from the lens 

center far vertical polarisation and at 16 in. for the horizontal. 



Tie fjrs^-ks of sfes sssals® ace ple&ed 1st Fig. 5. They m sees to lbs soHK>whaS; nsc-re synsisfrical ss»« 

the SOTSSSfscffidiog «mvm of F£g« 4° Tie beaawfidsi its KStsewhat greater, bitf the relative paw?*? has dropped 

ofiL Tit* vide lobes average o«S aheat die same. 

5. PHASE STCDY 

wfcsB sis c^elss lea* is tea iroa tk« £<wsf©et!©ffl p©ifitg—i.e., as the aagie a ni trem a djstaace / — 

thss?9SJ$sJly these is BO passe error. If the feel is ai&v?d along as arc of eoastaat radios / through an angle 

£-f wise! Is memmsi m the sea»3 maaiser m a (ase Fig. g)f ihm ik» phase oneo? § at a particoiar poiM Is 

defssss as t's« iitfisresee betweas sks slecwisai pads length throngs the seatwr md that fchrssga tise point* 

IBI* is gives by 

8 *Witt + f «ea &f  + (y > f 8M 0s + s2 - / - f sla £ + B* (cos a -sos $) /(a - cos S) .      (8) 

A pels* of seedy BHadsjsss phase saw is the psiat spas the periphery of tto less «rhere y - C sad z 

k a masLhmati. The val«e of £ woe chosea by ecspsrlsg She pats ieagt^s throagh ibis polat frose the 

two sx»*5S5 peslllsss sissg tie fss« £«%!«, i.e.f where  8 - 0°  sad  5 ~ 32°> Whea a is fixed at 22°, 

sfeft phase efrots an sasssneally eqsivxiest, thssgn opposite k alga* 

Fig. 6.  Stele* aJ path teajsta 
dUfareaoee. irE^rp^ 
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Eoaatioa (8) m •valaated wiit d fixed at wn »'ur o«ck iui»c i. 6»s q=iir%ttt, and also with & fixed at 

32' for each tab* ia two quadrant*.  Cecaaaa of *)••!• try thia data was anfficient to provide the contour* 

over the entire fact of the leva -uico are depicted in Fig*. 7 and 8. 

All valuta of S war* divided by  X eo that the data coald be plotted ia tennaof the wave lesgth.  The 
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Fig. 8.   n»mn mtct emlcmr- with fco4 i«* 92'' 

1*; »ot of aqw*»e in ikeee figeree i» rapraaoHaliw of the actual tabes ie the iena.  Figare 7 ekows the 

phase er>wr» whoa  £ - 0* t watt* Fig. 8 ia the error plot for  8 - 32° . 

A second loess for toe food was considered, i.e., aloag the cirsl* passing through the two correction 

poiats aid the origin,  la© two feed circle* are diagramed Is Fig. 9.  Equation (8) waa modified to take 

into sccoeat the aew geometric poeitioae with phase error defined by 5  ; 
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•»        Fig.  9.    Feee" circle ;Krcegfc 
correetioa petal* and  origin. 
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-F /con  & 

CO* (V 
»rf0    •   tf - rf0   +   *) cos   0 •   y sic  6\ 

(9) 

Aftar nunaga'asat cad siKplificatioe by atilixinc the scpmre-rctt series ia lisa of the radical, this 

eqsaiioo was solved maay tiawa to obtaia tie poiata accessary for plotting toe addition*! coatosrs shown 

ia Figs, 10 and 11.  These, also, «rw ia terms of the wavelength sad are ssporinpoaed for conparisoo 

parpoaes npon the coatbara of Fi«a. 7 aad 8 reapectively. 

A stady of these figaraa qaiefely rsvaala that the cirsr is iacr»as«H si si! points, bocaoae each contour 

of the modified pooitioa of the f**d (light liae) is entirely aaclcaed by the contain of the came phase error 

for th* easiga poaitioa (heavy lias).  Indeed.- aa error of 1/2 wavelength caa b* foaad sear the edgt> of the 

Actual swaaaresMata of the phase errors wsn awde oa th* aatoaaUic phase plotter8 in the Airborne 

SucUoa of the Aatsaaa Laboratory.  No swaas were available for taking »as ore mea'a within a plane 

parallel ta th* face of the lea* as woald be desirable.  :'a*tead, plou wsre made ia planes porpendicolsr, 

V M. Bsmtt sal M. H. Bans* (Jsa. IKS), "Astoaauic Antenna Wove-Froat Plotter." EUcUoniet 2S. No. I. 
brgfcalag p, 130. 
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Fig. 10.  Errcc costoam frcss scsJificJ Ss«4S , l—I.  f_ !.^J a != 'ssd sa Klc. 

i.e., in tiifl acy-pUnc or the *s-pt«ce.  TL-sc differesi JoaJ •ogle* were need:  C°, 22" and 32°.  Sample 

settlors of these plots are shown is Fig. 12.  All wars wcda at a wavelength of 3.12 c», the closest 

approach th*t coald be made to the Jtsigs wsveleagth of 2.963 cm with the eqcr'omer.t on hand. 

Thft straight phase fronts are visual evidence of the coliimatiag ability of the leas. 



Fig- li.   &r«* COMOVS trao aodlftod feed circle »** l«*d •( SJ 
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CIRCULAR PLANE HORIZONTAL-VERTICAL POLAftlZATION-FEEO ON AXIS 

ELLIPTICAL PLANE HON:ZeNTAL-VE.mCAL POLARIZATION-FEED £2* CFPAXiS 

ELLIPTICAL PLANE HORIZONTAL-VERTICAL POLARIZATION-FEED SfCfF AXIS 

Fig. 12.   AutooMtic pti«M plots. 
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Fig. 13-   Pattern scale. 

6. APPFNDIX 

The need to gieen data fr-nn a large number of patterna obtained with the circlet leu led to the pattern 

reading device illustrated in Fig. 13. The reader may wish to design a ainilar tool Adapted to hie own 

pattern paper. 

The scale is made from transparent plastic, beveled to toe edges.  The engraving* are on the under side 

and are filled in red to set them off from the black grid lines of the pattetn paper. 

The scale at the edge is graduated in decibels for measuring t'.e depth of side lobes below the peak 

and for measuring relative levels of peaks. 

The other scale Las a line running through its center, with three sets of graduations whose major marks 

align with those of the pattern paper.  Only one set is used at a time, depending on the ratio of paper 

travel to antenna rotation at which the recorder is operated.  The location of this line is at a critical dis- 

taace (3.01 db) below the top edge previously mentioned.  Thus, the half-power besmwidth may be read 

quickly by placing the top edge tangent to the peak of the pattern and indexing the zero upon the left slope. 

I he reading is taken st the intersection of the right slope with the line. 
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